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We employ the transfer matrix approach combined with the Green’s function
method to theoretically study polarization resolved far-field angular distributions
of photoluminescence from quantum nanorods (NRs) embedded in an anisotropic
polymer film. The emission and excitation properties of NRs are described by the
emission and excitation anisotropy tensors. These tensors and the solution of the
emission problem expressed in terms of the evolution operators are used to derive the
orientationally averaged coherency matrix of the emitted wavefield. For the case of
in-plane alignment and unpolarized excitation, we estimate the emission anisotropy
parameter and compute the angular profiles for the photoluminescence polarization
parameter such as the degree of linear polarization, the Stokes parameter s1, the el-
lipticity and the polarization azimuth. We show that the alignment order parameter
has a profound effect on the angular profiles.
I. INTRODUCTION
Over the last two decades quantum nanorods (NRs) have been the subject of intense
studies as semiconductor nanoheterostructures that possess a unique combination of geom-
etry and size dependent emission and excitation properties [1–8] (see also a review [9]). In
addition to quantum confinement effects coming into play at length scales comparable to the
bulk exciton Bohr radius, these structures feature linearly polarized photoluminescence [1]
and excitation (absorption) anisotropy [10–12].
The linear polarization of emission is governed by the fine structure of the ground exciton
state. It is determined by a number of factors such as the fine structure splittings, the
selection rules and the exciton oscillator strengths [2–6, 9, 13]. In particular, both excitation
and emission of single cadmium selenide (CdSe) quantum rods are found to exhibit strong
polarization dependence, indicating that dipole moment exists along the long axis of the
rods, e.g., the unique c-axis of the wurtzite structure [14].
There is a variety of applications utilizing the linear polarized emission from the NRs
that are used as efficient light emitters for lasing [15], biological labeling [16] and generation
of nonclassical light [17]. In liquid crystal display devices, it was found that using NRs as
backlight source may significantly enhance the optical efficiency of the backlighting system [8,
18, 19].
Since the emission and excitation properties of NRs crucially depend on their orientation,
it is of paramount importance for any application utilizing the polarized emission from NRs
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2to control and determine their alignment in a film. There are several methods to achieve
unidirectional alignment of NRs that have been discussed in the past few years [7, 8, 18, 20].
One of the most promising approaches uses the photoalignment technique to align NRs in
the liquid crystal polymer (LCP) matrix brought in contact with the photoaligning azo-dye
layer through the precise control over the orientation of photosensitive dye molecules [21, 22].
There are several techniques developed for determination of the three-dimensional (3D)
orientation of the transition dipoles of single molecules. These include polarization-sensitive
detection of fluorescence through a high-N.A. objective originally proposed in [23] and the
methods based on different versions of emission pattern imaging [24, 25].
It was demonstrated that far-field polarization microscopy can yield the 3D orientation
of CdSe quantum dots [26]. In Ref. [27] it was shown that the 3D orientation of a single
fluorescent nanoemitter can be determined by polarization analysis of the emitted light using
the model based on the theoretical results obtained in Refs. [28–31]. Results of polarimetric
measurements performed on core/shell cadmium selenide/cadmium sulfide (CdSe/CdS) dot-
in-rods [27, 32] turned out to be consistent with the hypothesis of a linear dipole tilted with
respect to the rod axis. Orientation of gold and rare-earth-doped nanorods was also recently
studied in Refs. [33, 34].
Angular radiation patterns of nanoemitters such as NRs strongly depend on its orienta-
tion. In Ref. [35], orientation of the emissive dipole moments was deduced from measure-
ments of the far-field polarized angular radiation patterns of organic light-emitting diodes
(OLED)s in electrical operation. Angular distributions of polarized light from multilayer
LED structures studied in [36–40] are found to be important for optimization of light ex-
traction efficiency and performance of LED devices.
The radiation patterns of light emitted by NRs, however, have received little attention
and are much less studied as compared to the LED systems. In this work, we adapt a
systematic approach and theoretically study polarization resolved angular distributions of
photoluminescence from NRs embedded in the liquid crystal polymer (LCP) film and aligned
by the azo-dye photoaligning layer using the photoalignment technique. This geometry was
previously described by Tao Du at al. in Ref. [21].
One of the key features of such a multilayer system is that both the LCP film and the
azo-dye layer are optically anisotropic. As it was demonstrated for emission from hyper-
bolic metamaterials [41], such an anisotropic environment will profoundly influence angular
radiation patterns.
Our theoretical approach to the emission problem developed to analyze the combined
effects of NR alignment and optical anisotropy of surrounding media on the angular radiation
distributions is based a suitably modified version of the transfer matrix method. We show
that this method can be used in combination with the Green’s function technique to obtain
our key analytical result giving the orientationally averaged coherency matrix of NR emission
expressed in terms of the evolution operators and the orientational averages. The important
point is that the coherency matrix also depends on the emission and excitation anisotropy
parameters determined by the transition dipole moments, the level populations and the local
field screening factors. Our goal is to examine how the angular dependence of the polarization
state of emitted light is affected by the orientational ordering, optical anisotropy and the
emission/excitation anisotropy parameters.
The paper is organized as follows.
In Sec. II we present our theoretical approach. After introducing the emission and exci-
tation anisotropy tensors in Sec. II A, we briefly discuss the angular spectrum representation
3and the evolution operators in Sec. II B. Necessary details on the transfer matrix method
are provided in Sec. II C. In Sec. II D, we compute the dyadic Green’s function and solve
the single-emitter problem. It is found that the far-field eigenwave amplitudes of the emit-
ted wavefield can be expressed in terms of the evolution operators. The expression for the
orientationally averaged coherency matrix of the emitted light is obtained in Sec. II E. The
analytical results are employed to perform numerical analysis of the angular profiles for the
polarization characteristics of the emitted light in Sec. III. Finally, in Sec. IV, we draw
the results together and make some concluding remarks. Technical details are relegated to
Appendix A.
II. THEORY
A. Emission and excitation anisotropy tensors
Semiconductor core/shell nanoheterostructures representing the nanorods (NRs) studied
in Ref. [21] are also known as the dot-in-rods where a spherical core is surrounded by a
rod-like shell. For the CdSe(cadmium selenide)/CdS (cadmium sulfide) dot-in-rods with
adjusted geometry of the hexagonal crystal structures, the wurtzite c-axis of both the core
and the shell is along the long axis of the rod shell, because the growth process of the shell
along the c-axis is determined by the crystal anisotropy of the core.
The band-edge exciton fine structure of CdSe nanocrystals consists of eight states with
the total angular momentum projection on the c-axis F ∈ {0,±1,±2} [5, 6, 42]: |±2L〉,
|±1L,U〉 and |0L,U〉, where the superscripts L and U indicate lower and upper sublevels,
respectively. There are five bright (dipole allowed) exciton states: |±1L,U〉 and |0U〉. For
the state |0U〉, the transition dipole moment 〈0|p|0U〉, where p is the momentum operator,
is directed along the c-axis (1D dipole), whereas the transition dipole moments 〈0|p|±1L,U〉
lie in the plane normal to cˆ (2D dipole), where cˆ is the unit vector parallel to the c-axis.
For emitted lightwave linearly polarized along the polarization unit vector eˆ, the emission
probabilities for the bright exciton states are proportional to both the magnitudes of the
projections of the transition dipoles on the polarization vector and the populations of the
exciton states. So, the polarization dependent factors of the probabilities can be written in
the form:
N0|〈0|
(
eˆ · p)|0U〉|2 = D‖(eˆ · cˆ)2, N±1|〈0|(eˆ · p)|±1L,U〉|2 = D(L,U)⊥ [1− (eˆ · cˆ)2] , (1)
where |0〉 stands for the ground state; N0 and N±1 are the level populations. Formula (1)
describes the uniaxial transition anisotropy that leads to the linearly polarized emission.
This anisotropy is governed by a number of factors such as the fine structure splittings,
the selection rules and the exciton oscillator strengths. Sensitivity of these factors to the
size and shape of the nanostructures provides a way to control the optical properties of
nanorods [2, 3, 5, 6].
For nanorods embedded in surrounding dielectric media, both the emission and absorption
properties of NRs are additionally influenced by the effects of dielectric confinement through
the modification of the interactions between charge carriers and the local field effect [43].
The latter is the effect of dielectric screening arising from the difference between the external
(outside) electric field and the internal local field inside the nanostructures. A systematic
theoretical treatment of such screening generally requires using the methods of the effective
4medium theory (details can be found, e.g., in the monographs [44, 45]). This theory has
been applied to interpret optical properties of nanostructures [10–12, 46–49], liquid crystal
systems [50–52] and hyperbolic metamaterials [53–57].
In the simplest case of cylindrically symmetric and ellipsoidally shaped NRs surrounded
by an isotropic dielectric medium, the local field effect can be described in terms of two
depolarization factors, N‖ and N⊥, related to the screening factors, L‖ = (1 +N‖(em/m −
1))−1 and L⊥ = (1 + N⊥(em/m − 1))−1, where m (em) is the dielectric constant of the
surrounding medium (NR emitter), for the electric field components directed along and
normal to the c-axis, respectively. For prolate NRs with sufficiently large aspect ratio, the
component along the c-axis is characterized by the smallest depolarization factor is N‖ and,
in contrast to the normal components, is almost insensitive to the screening effect.
The local field screening effect can be taken into account by using Eq. (1) with the
renormalized transition coefficients: D
(LF )
‖ = D‖|L‖|2 and D(LF )⊥ = D⊥|L⊥|2, where D⊥ =
D
(L)
⊥ + D
(U)
⊥ . Clearly, this effect introduces additional the effective transition anisotropy
leading to enhancement of the degree of linear polarization.
In a phenomenological approach, a quantum nanoemitter (NR) is regarded as a point
oscillating dipole located at rem with the current density Jem(r) = Jemδ(r − rem). In this
approach, the emission probability and the above transition anisotropy renormalized by
the local field effect can be taken into account by replacing the product of the current
density amplitudes with the emission dipole tensor averaged over the quantum state of the
nanoemitter.
From Eq. (1), this emission anisotropy tensor is uniaxially anisotropic and can be written
in the following general form:
〈J (em)α [J (em)β ]
∗〉q ≡ J (em)αβ = J (em)⊥ δαβ + (J (em)‖ − J (em)⊥ )cαcβ ≡ Jem[δαβ + uemcαcβ], (2)
where α, β ∈ {x, y, z}, cˆ = (cx, cy, cz), δαβ is the Kronecker symbol; an asterisk indicates
complex conjugation and uem = (J
(em)
‖ − J (em)⊥ )/J (em)⊥ is the emission anisotropy parameter.
The tensor coefficients, J
(em)
‖ and J
(em)
⊥ , that enter relation (2) are assumed to be proportional
to the corresponding renormalized transition coefficients D
(LF )
‖ and D
(LF )
⊥ .
The geometry of our system is schematically depicted in Fig. 1. This system consists of
three layers: (a) the film containing the nanorods (emitters) and liquid crystal monomers;
(b) the azo-dye photoaligning layer and (c) the glass substrate.
In order to describe light emission from an orientationally ordered ensemble of nanorods
we begin with the single-emitter problem. Solution of this problem will yield the expressions
for the far-field eigenwave amplitudes E
(em)
p and E
(em)
s . Then the intensities of the s- and
p-polarized waves registered at the detection point are given by
Ip,s = Jexc(cˆ)〈|E(em)p,s |2〉q (3)
where Jexc(cˆ) is the excitation rate which is proportional to the probability of absorption
and depends on the polarization of exciting light. Similar to the emission probability, this
dependence is determined by the excitation (absorption) anisotropy tensor
J
(exc)
αβ = J
(exc)
⊥ δαβ + (J
(exc)
‖ − J (exc)⊥ )cαcβ ≡ Jexc [δαβ + uexccαcβ] . (4)
5Figure 1: Schematic of emitters embedded in the top layer of the multi-layer structure.
So, for the exciting light linear polarized along the unit vector eˆexc, the excitation rate is
given by
Jexc(cˆ) = Jexc
[
1 + uexc
(
cˆ · eˆexc
)2]
, (5)
where uexc = (J
(exc)
‖ − J (exc)⊥ )/J (exc)⊥ is the excitation anisotropy parameter.
B. Operator of evolution
In our subsequent calculations, we shall use the transfer matrix approach which can be
regarded as a modified version of the well-known transfer matrix method [58, 59] and was
previously applied to study the polarization-resolved conoscopic patterns of nematic liquid
crystal cells [60–62]. This approach has also been extended to the case of polarization
gratings and used to deduce the general expression for the effective dielectric tensor of
deformed helix ferroelectric liquid crystal cells [63, 64].
In this approach, we deal with a harmonic electromagnetic field characterized by the
free-space wave number kvac = ω/c, where ω is the frequency (time-dependent factor is
exp{−iωt}), and consider the multi-layer slab geometry shown in Fig. 1. In this geometry,
each optically anisotropic layer is sandwiched between the bounding surfaces (substrates)
normal to the z axis and is characterized by the dielectric tensor ij (in what follows, the
magnetic permittivities are equal to unity).
Further, we restrict ourselves to the case of stratified media and use the angular spectrum
representation [65–67] of the electromagnetic fields taken in the following form:
{E(kP , z),H(kP , z)} =
∫
{E(r),H(r)} exp(−ikP · rP )d2rP (6)
6where r = z zˆ + rP and the vector
kP/kvac = qP = (q
(P )
x , q
(P )
y , 0) = qP (cosφP , sinφP , 0) (7)
represents the lateral component of the wave vector. Then we write down the representation
for the electric and magnetic fields, E and H,
E = Ezzˆ + EP , H = Hzzˆ + zˆ×HP , (8)
where the components directed along the normal to the bounding surface (the z axis) are
separated from the tangential (lateral) ones. In this representation, the vectors EP =
Exxˆ +Eyyˆ ≡
(
Ex
Ey
)
and HP = H× zˆ ≡
(
Hy
−Hx
)
are parallel to the substrates and give the
lateral components of the electromagnetic field.
We can now substitute the relations (8) into the Maxwell equations
∇× E = iµkvacH, (9a)
∇×H = −ikvacD + 4pi
c
Jem, (9b)
where D = ε · E is the electric displacement field; kvac = ω/c is the free-space wave number
and Jem(r) = −iωµemδ(r−rem) is the current density of the dipole emitter located at r = rem,
and eliminate the z components of the electric and magnetic fields to obtain equations for
the tangential components of the electromagnetic field that can be written in the following
4× 4 matrix form [61, 63] (see also Appendix A):
−i∂τF = M · F + FJ ≡
(
M11 M12
M21 M22
)(
EP
HP
)
+ FJ(kP )δ(τ − τem), τ ≡ kvacz, (10)
where M is the differential propagation matrix and its 2 × 2 block matrices Mij are given
by
M
(11)
αβ = −−1zz q(P )α zβ, M(22)αβ = −−1zz αzq(P )β , (11a)
M
(12)
αβ = µδαβ −
q
(P )
α q
(P )
β
zz
, (11b)
M
(21)
αβ = αβ −
αzzβ
zz
− µ−1p(P )α p(P )β , pP = zˆ× qP . (11c)
The last term on the right hand side of Eq. (10)
FJ(kP ) =
( −qP −1zz Jz(kP )
JP (kP )−  ′z −1zz Jz(kP )
)
(12)
is expressed in terms of the Fourier amplitude of the emitter current density
J(kP , τ) =
4pi
c
∫
Jem(rP , z)e
−ikP ·rP d2rP = J(kP )δ(τ − τem), τem ≡ kvaczem, (13)
where
J(kP ) = −4piiµemkvace−ikP ·rem = Jz(kP )zˆ + JP (kP ). (14)
7At FJ = 0, general solution of the homogeneous system (10)
F(τ) = U(τ, τ0) · F(τ0) (15)
can be conveniently expressed in terms of the evolution operator which is also known as the
propagator and is defined as the matrix solution of the initial value problem
−i∂τU(τ, τ0) = M(τ) ·U(τ, τ0), (16a)
U(τ0, τ0) = I4, (16b)
where In is the n×n identity matrix. Basic properties of the evolution operator are discussed
in Appendix A of Ref. [64].
For uniformly anisotropic planar structures with the dielectric tensor of the form:
ij = zδij + (‖ − z)mimj + (⊥ − z)lilj, (17)
where the optical axes
mˆ = (mx,my,mz) = (cosψ, sinψ, 0), lˆ = zˆ× mˆ = (− sinψ, cosψ, 0) (18)
lie in the plane of substrates (the x-y plane), the diagonal block-matrices, M11 and M22,
vanish, and nondiagonal block-matrices are given by
M12 =
(
1− q2P/n2z 0
0 1
)
, (19)
M21 = n
2
o
(
1− uam2x −uamxmy
−uamxmy 1− uam2y − q2P/n2o
)
, (20)
where qP = qP xˆ; nz =
√
z and no =
√
⊥ are the principal refractive indices; ua =
(‖ − ⊥)/⊥ is the parameter of in-plane anisotropy. In this case, the operator of evolution
can be expressed in terms of the eigenvalue and eigenvector matrices, Λ ≡ diag(λ1, λ3, λ3, λ4)
and V, as follows
U(τ, τ0) = exp{iM (τ − τ0)} = V exp{iΛ (τ − τ0)}V−1, MV = VΛ, (21)
where the eigenvector and eigenvalue matrices are of the following form:
V =
(
E E
H −H
)
, Λ = diag(Q,−Q), Q = diag(qe, qo) (22)
and can be computed from the relations given in Appendix B of Ref. [64].
C. Transfer matrix
In the ambient medium with ij = mδij, the general solution (15) can be expressed in
terms of plane waves propagating along the wave vectors with the tangential component (7).
For such waves, the result is given by
Fm(τ) = Vm(qP )
(
exp{iQm τ} 0
0 exp{−iQm τ}
)(
E+
E−
)
, (23)
Qm = qm I2, qm =
√
n2m − q2P , (24)
8where Vm(qP ) is the eigenvector matrix for the ambient medium given by
Vm(qP ) = Trot(φP )Vm =
(
Rt(φP ) 0
0 Rt(φP )
)(
Em −σ3Em
Hm σ3Hm
)
, (25)
Em =
(
qm/nm 0
0 1
)
, Hm =
(
nm 0
0 qm
)
, (26)
Rt(φ) =
(
cosφ − sinφ
sinφ cosφ
)
, (27)
{σ1,σ2,σ3} are the Pauli matrices
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
. (28)
From Eq. (23), the vector amplitudes E+ and E− correspond to the forward and backward
eigenwaves with k+ = kvac(qm zˆ + qP ) and k− = kvac(−qm zˆ + qP ), respectively. Figure 1
shows that, in the half space z ≥ z0 after the exit face of the film with embedded emitters
z = z0, these eigenwaves describe the incoming and outgoing waves
E+|z≥z0 = E(L)out, E−|z≥z0 = E(L)in = 0, (29)
whereas, in the half space z ≤ z3 = −D before the entrance face of the glass substrate, these
waves are given by
E+|z≤z3 = E(R)in = 0, E−|z≤z3 = E(R)out . (30)
The boundary conditions require the tangential components of the electric and magnetic
fields to be continuous at the boundary surfaces of the multi-layer structure:
FL ≡ F(z0) = Fm(z0 + 0) = Vm(qP )
(
E
(L)
out
E
(L)
in
)
,
FR ≡ F(z3) = Fm(z3 − 0) = Vm(qP )
(
E
(R)
in
E
(R)
out
)
. (31)
In the standard light scattering (transmission/reflection) problem, we can use the bound-
ary conditions (31) to rewrite the relation
FL = U(τ0, τ3) · FR, τi = kvaczi, (32)
in the form (
E
(L)
out
E
(L)
in
)
= T
(
E
(R)
in
E
(R)
out
)
(33)
and introduce the transfer matrix T linking the amplitudes of the eigenwaves in the half
spaces z > z0 and z < z3 bounded by the faces of the multilayer structure. This matrix
9is the evolution operator U(τ0, τ3) in the basis of eigenmodes of the surrounding medium
which is given by
T(τ0, τ3) ≡ T = V−1m (qP )U(τ0, τ3)Vm(qP ) = V−1m Urot(τ0, τ3)Vm =
(
T11 T12
T21 T22
)
, (34)
where Urot(τ, τ0) = Trot(−φP )U(τ, τ0)Trot(φP ) is the rotated operator of evolution. This
operator is the solution of the initial value problem (16) with M(τ) replaced with Mrot(τ) =
Trot(−φP )M(τ)Trot(φP ). The scattering matrix relating the amplitudes of the incoming and
outgoing waves can be expressed in terms of the block matrices Tij giving the expressions
for the transmission and reflection matrices [64]. We shall need the results for the case where
the incident wave Einc = E
(L)
in is coming from the half-space z > z0:
TL = T
−1
22 , RL = T12T
−1
22 , (35)
where TL and RL are the transmission and reflection matrices, respectively.
Our concluding remark in this section is that, for the multi-layer structure that consists
of three layers depicted in Fig. 1, the evolution operator and the transfer matrix are given
by
U(τ0, τ3) = Uf (hf )Ua(ha)Ug(hg), T(τ0, τ3) = Tf (hf )Ta(ha)Tg(hg), (36)
where Uf (hf ) = Uf (τ0, τ1) is the evolution operator for the film containing the nanorods,
Df is the film thickness (hf = kvacDf ); Ua(ha) = Ua(τ1, τ2) is the evolution operator for the
azo-dye layer, Da is the layer thickness (ha = kvacDa); Ug(hg) = Ua(τ2, τ3) is the evolution
operator for the glass substrate, Dg is the thickness of the substrate (hg = kvacDg).
D. Dyadic Green’s function and emission problem
At FJ(kP ) 6= 0, the solution of non-homogeneous system
Fem(τ) = G(τ)FJ(kP ) (37)
describing light radiation of the dipole emitter is expressed in terms of the dyadic (matrix-
valued) Green’s function G(τ) that can be found by solving the following equation
−i∂τG = M ·G + I4δ(τ − τem). (38)
For uniformly anisotropic layer with the propagator given by Eqs. (21) and (22), we can
use the Fourier transform technique combined with the residue calculus (the poles at qo,e
are shifted to the upper half of the complex plane: qo,e → qo,e + iδ+) to obtain the following
expression for the Green’s function:
G(τ) = iV
(
H(τ − τem)eiQ(τ−τem) 0
0 −H(τem − τ)e−iQ(τ−τem)
)
V−1, (39)
where H(τ) =

1, τ > 0
1/2, τ = 0
0, τ < 0
is the Heaviside step function.
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So, the electromagnetic field inside the film where τ1 ≤ τ ≤ τ0 is given by
Ff (τ) = Uf (τ, τ1)F0 + Fem(τ), (40)
where the first term on the right hand side (general solution of the homogeneous system
written in the form given by Eq. (15)) represents the waves reflected from (and transmitted
through) the boundaries of the film. The continuity conditions at the film boundaries τ = τ0
and τ = τ1 are
Ff (τ0) = FL, Ff (τ1) = Ua(ha)Ug(hg)FR. (41)
After eliminating F0 from Eq. (41), we have
FL −U(τ0, τ3)FR = Fem(τ0)−Uf (τ0, τ1)Fem(τ1)
= [G(τ0)−Uf (τ0, τ1)G(τ1)]FJ . (42)
For the Green’s function given in Eq. (39), the relation (42) can be further simplified with
the help of the identity
G(τ0)−Uf (τ0, τ1)G(τ1) = i sign(τ0 − τem)Uf (τ0, τem). (43)
We can now use Eqs. (29)– (32) to express the result in terms of the eigenwave amplitudes
E
(L)
out and E
(R)
out as follows(
E
(L)
out
0
)
−T
(
0
E
(R)
out
)
= Tem
(
JH
JE
)
, (44)
Tem = iTf (τ0, τem)V
−1
m =
i
2pikvacqm
(
T
(em)
11 T
(em)
12
T
(em)
21 T
(em)
22
)
, (45)
where qm/nm is the z-component of the unit wave vector kˆ+ = k+/nmkvac; JH and JE are
given by
JH = − qP
zz
Jz
(
1
0
)
, JE = Rt(−φP )JP . (46)
In our final step, we deduce the expressions for the far-field amplitudes of the emitted
(outgoing) waves, E
(f−f)
L and E
(f−f)
R from Eq. (44). The far-field asymptotic behavior of the
amplitudes in a fixed direction rˆ = r/r is known [65, 66] to be determined by the plane wave
amplitude of the angular spectrum representation with kˆ+ = rˆ. So, the far-field amplitudes
of the radiated waves, E
(f−f)
L and E
(f−f)
R , are proportional to E
(L)
out and E
(R)
out multiplied by
the z-component of k+ = kvacqmzˆ + kP and k− = −kvacqmzˆ + kP , respectively. The result
reads
Eem =
(
E
(em)
p
E
(em)
s
)
≡ E(f−f)L = −2piikvacqmE(L)out = WHJH + WEJE, (47)
WH = T
(em)
11 −RLT(em)21 , WE = T(em)12 −RLT(em)22 , (48)
E
(f−f)
R = 2piikvacqmE
(R)
out = TL(T
(em)
21 JH + T
(em)
22 JE), (49)
where the reflection and the transmission matrices, RL and TL, are defined in Eq. (35). In
what follows, the emitted wavefield (47) will be our primary concern.
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E. Orientational averaging
We shall assume that an ensemble of aligned NRs can be treated as a collection of
incoherently emitting and differently oriented dipoles and the total intensity of the emitters
is a sum of the intensities. Orientation of a nanorod is specified by the tilt and azimuthal
angles, θc and φc, giving the direction of the c-axis: cˆ = (cos θc cosφc, cos θc sinφc, sin θc) and
the total intensities of the p- and s-waves can be obtained by averaging the intensities given
in Eq. (3) over orientation of the c-axis.
More generally, the emitted wavefield can be described by the coherency matrix [66, 68]
M = 〈Jexc(cˆ)Eem ⊗ E∗em〉 =
(
〈Jexc(cˆ)〈|E(em)p |2〉q〉cˆ 〈Jexc(cˆ)〈E(em)p [E(em)s ]
∗〉q〉cˆ
〈Jexc(cˆ)〈E(em)s [E(em)p ]
∗〉q〉cˆ 〈Jexc(cˆ)〈|E(em)s |2〉q〉cˆ
)
, (50)
where an asterisk stands for complex conjugation, can now be calculated using the matrix
relations (47) and (48). This matrix is given by
M = WH〈Jexc(cˆ)JH ⊗ J∗H〉W†H + WERt(−φP )〈Jexc(cˆ)JP ⊗ J∗P 〉Rt(φP )W†E, (51)
〈Jexc(cˆ)JH ⊗ J∗H〉 =
q2P
2z
(
1 0
0 0
)
〈Jexc(cˆ)J (em)zz 〉cˆ, (52)
[〈Jexc(cˆ)JP ⊗ J∗P 〉]αβ = 〈Jexc(cˆ)J (em)αβ 〉cˆ, (53)
where a dagger will indicate Hermitian conjugation and 〈...〉cˆ stands for orientational aver-
ages.
The result of orientational averaging is expressed in terms of the two symmetric matrices:
C
(e)
αβ = 〈cαcβ〉cˆ, C(ex)αβ = 〈c2exccαcβ〉cˆ, (54)
where cexc =
(
cˆ · eˆexc
)
and eˆexc is the polarization unit vector of the exciting light. Orienta-
tional ordering is described by the eigenvalues and the eigenvectors (the principal axes) of
these matrices. Perfectly in-plane ordering presents the important special case with vanish-
ing tilt angle, θc = 0. We shall, however, consider a more general case with nonvanishing θc
and assume that the angles are statistically independent and the principal (alignment) axes
are directed along the coordinate axes. The latter implies that the matrices (54) are both
diagonal. It immediately follows that the matrix (53) is also diagonal
〈Jexc(cˆ)JP ⊗ J∗P 〉 = γ0I2 + γ3σ3, 〈Jexc(cˆ)J (em)zz 〉cˆ = γz (55)
and the coherency matrix (51) can be written in the form of a linear combination:
M = JemJexc[γ0W0 + γ3(cos 2φPW3 − sin 2φPW1) + γzWz], (56a)
W0 = WEW
†
E, Wi = WEσiW
†
E, Wz =
q2P
2z
WH
(
1 0
0 0
)
W†H , (56b)
γ0 = 1 + uexc〈c2exc〉cˆ +
uem
2
[〈c2x + c2y〉cˆ + uexc〈c2exc(c2x + c2y)〉cˆ] , (56c)
γ3 =
uem
2
[〈c2x − c2y〉cˆ + uexc〈c2exc(c2x − c2y)〉cˆ] , (56d)
γz = 1 + uexc〈c2exc〉cˆ + uem
[〈c2z〉cˆ + uexc〈c2excc2z〉cˆ] . (56e)
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Orientational averages that enter the coefficients of the linear combination (56a) can be
expressed in terms of the orientational parameters characterizing ordering of aligned NRs.
For in-plane ordering, these parameters are as follows
〈cos2 φc〉cˆ = 1 + p
2
, 〈sin2 φc〉cˆ = 1− p
2
, 〈cos2 φc sin2 φc〉cˆ = q, (57)
where 0 ≤ q ≤ 〈cos2 φc〉cˆ〈sin2 φc〉cˆ = (1 − p2)/4 and −1 ≤ p ≤ 1 is the in-plane orienta-
tional (alignment) order parameter. Similar results for the averages over the tilt angle θc
characterizing out-of-plane deviations of the c-axis are given by
〈sin2 θc〉cˆ = pz, 〈cos2 θc〉cˆ = 1− pz, 〈cos2 θc sin2 θc〉cˆ = qz, (58)
where 0 ≤ qz ≤ pz(1 − pz) and 0 ≤ pz ≤ 1 is the out-of-plane order parameter that equals
zero in the limiting case of purely in-plane ordering.
In the subsequent section, these general formulas will be used to perform numerical
analysis.
III. RESULTS
The lightfield emitted by NRs is generally partially polarized and the far-field angular
distributions of its polarization parameters are determined by the coherency matrix
M(qP , φP ) ≡M(θ, φ) = 1
2
[
I(θ, φ)I2 + S1(θ, φ)σ3+
S2(θ, φ)σ1 + S3(θ, φ)σ2
]
, (59)
qP ≡ |kP |/kvac = nm sin θ, φP ≡ φ, (60)
where I(θ, φ) = Ip(θ, φ) + Is(θ, φ) = Tr M(θ, φ) is the total intensity and {S1, S2, S3} are
the Stokes parameters, evaluated as a function of the emission (detection) angle, θ, and the
azimuthal angle, φ = φP , (see Eq. (7)) that specifies orientation of the emission plane (φ
is the angle between the alignment axis and the emission plane). Though the polarization
state of partially polarized radiation from nanoemitters such as NRs with the degree of
polarization
P =
√
s21 + s
2
2 + s
2
3 =
√
1− 4 det M
(Tr M)2
, si ≡ Si(θ, φ)/I(θ, φ), (61)
can be completely described using the Stokes parameters, there is a number of the technologi-
cally important parameters widely used to characterize the anisotropy of photoluminescence.
One of these parameters is the degree of linear polarization
DOP =
√
s21 + s
2
2 =
Imax − Imin
Imax + Imin
(62)
where Imax and Imin are the maximum and minimum intensities of the curve representing
the experimentally measured intensity of light passed through the rotating polarizer placed
in the emission beam path. Alternatively, the Stokes parameter
s1 =
Ip − Is
Ip + Is
(63)
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and the related polarization ratios
Rps = Ip/Is, Rsp = Is/Ip, (64)
are also used as convenient measures characterizing the anisotropy of emission in terms
of the intensities of the p-polarized and s-polarized waves: Ip ≡ Ip(θ, φ) = M11(θ, φ) and
Is ≡ Is(θ, φ) = M22(θ, φ). Note that the case where the degree of linear polarization is equal
to the magnitude of s1, DOP = |s1|, occurs only when the Stokes parameter S2 = 2 Re M21
vanishes and the polarization azimuth of the polarization ellipse
ψp = 2
−1 arg(s1 + is2) (65)
differs from zero and pi/2. The ellipticity of the polarization ellipse characterizing the po-
larized part of emission
ell = tan[2
−1 arcsin(s3/P )] (66)
is expressed in terms of the Stokes parameter S3 = 2 Im M21.
Equation (56a) shows that each element of the coherency matrix is a linear combination
of the three angular profiles defined by the matrices given in Eq. (56b). In the case of
unpolarized excitation with c2exc replaced by c
2
x+c
2
y = 1−c2z, the expressions for the coefficients
of the linear combination can be obtained from the relations (56c)– (56e) in the following
form:
γ0 = Q1 +
uem
2
Q2, γ3 =
uemp
2
Q2, γz = (1 + uem)Q1 − uemQ2, (67a)
Q1 = 1 + uexc(1− pz), Q2 = 1− pz + uexc(1− pz − qz). (67b)
An important point is that all the above discussed polarization characteristics depend on
the two ratios of the coefficients (67a)
γ˜3 =
γ3
γ0
, γ˜z =
γz
γ0
(68)
that can be found as the fitting parameters when dealing with angular profiles obtained
from experimental data. Given the values of the ratios (68) and the emission anisotropy
parameter uem, we can use the relations
Q ≡ Q2
Q1
= 1− pz + uexc(pz(1− pz)− qz)
1 + uexc(1− pz) =
2(1 + uem − γ˜z)
uem(2 + γ˜z)
, (69)
p =
(3 + uem)γ˜3
1 + uem − γ˜z (70)
to estimate the alignment order parameters, p and pz.
In what follows we concentrate on the four polarization parameters: the degree of linear
polarization (DOP) given by Eq. (62), the Stokes parameter s1 (see Eq. (63)), the polariza-
tion azimuth, ψp, (see Eq. (65)) and the ellipticity ell (see Eq. (66)). Figures 2– 7 present
the results for these parameters evaluated as functions of the emission angle θ at differ-
ent values of the azimuthal angle φ (the vector (− sinφ, cosφ, 0) is normal to the emission
plane). Calculations are performed for the emission wavelength λem = 590 nm assuming
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(a) DOP vs emission angle θ at p = 0.87 (b) s1 vs emission angle θ at p = 0.87
Figure 2: Angular profiles of (a) DOP and (b) s1 computed at different values of the
azimuthal angle φ for p = 0.87, pz = 0 and uem = 3.85.
that the in-plane extraordinary and ordinary refractive indexes for the azo-dye photoalign-
ing layer of the thickness Da = 15 nm (the data are taken from Ref. [21]) are n
(a)
‖ = 1.8 and
n
(a)
⊥ = 1.5 (the refractive indices are estimated from the data fitting performed in Ref. [69]),
whereas the indexes for the LCP film (for modeling purposes, the thickness is assumed to
be Df = 375 nm) containing NRs with an aspect ratio 5 : 1 (the NR length is about 20 nm
and the NR diameter is about 4 nm) [21] are n
(f)
‖ = 1.7 and n
(f)
⊥ = 1.5 (typical values for
LCs), respectively. Since the LCP molecules are aligned along the easy axis of the SD1
layer, which is perpendicular to the alignment axis of NRs (we assume perfectly in-plane
ordering of NRs with pz = 0 and the alignment axis directed along the x axis) [21], the
latter is normal to the in-plane optic axes of both the SD1 layer and the LCP film so that
their orientation with respect to the emission plane is defined by the azimuthal angle ψ (see
Eq. (18)) which is equal to pi/2− φ.
Figures 2 and 3 show the angular profiles computed for highly ordered NRs embedded
into the LCP film using the value of the NR alignment order parameter p = 0.87 reported in
Ref. [21]. In addition, the value of DOP measured in [21] at θ = φ = 0 is about 0.62. From
this result, we have obtained the estimate for the emission anisotropy parameter: uem ≈ 3.85
giving the value of uem used in our calculations.
Referring to Fig. 2a, when the azimuthal angle φ does not exceed pi/4, DOP is generally
a nonmonotonic function of the emission angle that increases at sufficiently large values of
θ. At φ > pi/4, DOP monotonically decreases with θ.
In the special case where θ = 0 and the detected lightwave is propagating along the
normal to the substrates, the value of DOP is independent of φ. As it can be seen from
Fig. 3a, at θ = 0, the polarized part of the emitted light is linearly polarized and the ellipticity
vanishes. In this case, rotation of the emission plane about the z axis by the azimuthal angle
φ is equivalent to the rotation of the sample by the angle −φ. As a result, the polarization
plane is rotated by the same angle and, as is indicated in Fig. 3, the polarization azimuth
ψp equals −φ.
Another consequence of such rotation is that, at θ = 0, the Stokes parameter s1 changes
from DOP (0) = 0.62 to −DOP (0) = −0.62 as φ varies from zero to pi/2. It immediately
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(a) Ellipticity vs emission angle θ at p = 0.87 (b) Polarization azimuth vs θ at p = 0.87
Figure 3: Angular profiles of (a) ellipticity and (b) polarization azimuth computed at
different values of the azimuthal angle φ for p = 0.87, pz = 0 and uem = 3.85.
(a) DOP vs emission angle θ at p = 0.4 (b) s1 vs emission angle θ at p = 0.4
Figure 4: Angular profiles of (a) DOP and (b) s1 computed at different values of the
azimuthal angle φ for p = 0.4, pz = 0 and uem = 3.85.
follows from the relation
s1 + is2 = DOP e
2iψp (71)
that defines the DOP and the polarization azimuth given by Eqs. (62) and (65), respectively.
This effect can be seen from the curves presented in Fig. 2b. This figure also demonstrates
that, in agreement with the identity (71), s1(0) becomes negative when φ > pi/4. In this
region, s1 is a monotonically increasing function of θ, whereas both the magnitude of s1,
|s1|, and the DOP fall as the emission angle increases.
Equation (71) shows that the magnitude of s1 is generally smaller than the DOP and the
difference between the DOP and s1 is dictated by the polarization azimuth ψp. The curves
presented in Fig. 3b illustrate a noticeable increase in the polarization azimuth as θ becomes
sufficiently large.
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(a) Ellipticity vs emission angle θ at p = 0.4 (b) Polarization azimuth vs θ at p = 0.4
Figure 5: Angular profiles of (a) ellipticity and (b) polarization azimuth computed at
different values of the azimuthal angle φ for p = 0.4, pz = 0 and uem = 3.85.
The angular profiles for the ellipticity of the polarized part of the emission plotted in
Fig. 3a are computed from Eq. (66). It is found that, for the cases where the alignment axis
is either parallel or normal to the emission plane (φ = 0 and φ = pi/2, respectively), the
light appears to be linearly polarized and the ellipticity equals zero. At 0 < φ < pi/2, this
is, however, no longer the case and the ellipticity shows generally nonmonotonic variations
with θ. The ellipticity magnitude |ell| reaches its highest value at φ = pi/4. For p = 0.87,
this value is about 0.12.
In Figs. 4 and 5, we show what happen when the alignment order parameter is reduced
and present the results computed at p = 0.4. An important point is that the most part of
the above discussion being independent of the alignment order parameter remains valid for
the case of poorly aligned NRs. So, we will focus our attention on the differences introduced
by changes in orientational ordering of NRs.
(a) DOP vs emission angle θ at p = 0 (b) s1 vs emission angle θ at p = 0
Figure 6: Angular profiles of (a) DOP and (b) s1 computed at different values of the
azimuthal angle φ for p = pz = 0 and uem = 3.85.
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Referring to Fig. 4a, reduction of the order parameter has a detrimental effect on the
DOP. In particular, the value of DOP (0) is reduced to 0.33. As is seen from Fig. 5a, this
effect also manifests itself in an increase of the largest value of the ellipticity magnitude
which is now about 0.17. Qualitatively, the common feature shared by all the angular
profiles calculated at p = 0.4 is that degree of variations and nonmonotic behavior become
more pronounced as compared to the case with p = 0.87.
(a) Ellipticity vs emission angle θ at p = 0 (b) Polarization azimuth vs θ at p = 0
Figure 7: Angular profiles of (a) ellipticity and (b) polarization azimuth computed at
different values of the azimuthal angle φ for p = pz = 0 and uem = 3.85.
Figures 6 and 7 demonstrate that this feature is further enhanced in the limiting case of
completely disordered NRs with p = 0. As is shown in Fig. 6, at p = 0 the values of both
the DOP and |s1| experience significant reduction. For instance, DOP (0) is about 0.07.
By contrast, the largest value of the ellipticity magnitude (see Fig. 7a) is increased up to
0.51. Angular profiles for the polarization azimuth plotted in Fig. 7b demonstrate strong
variations and rapidly approach the vicinity of zero as the emission angle increases. Clearly,
these features can be regarded as the effects of optically anisotropic environment.
Our concluding remark in this section concerns the parity symmetry of the polarization
parameters under the change of sign of the emission and azimuthal angles: θ → −θ and φ→
−φ. All the polarization parameters are even functions of θ: DOP (−θ, φ) = DOP (θ, φ),
s1(−θ, φ) = s1(θ, φ), ell(−θ, φ) = ell(θ, φ) and ψp(−θ, φ) = ψ(θ, φ). Similarly, when φ
changes its sign, DOP and s1 remain intact: DOP (θ,−φ) = DOP (θ, φ) and s1(θ,−φ) =
s1(θ, φ). In contrast, the ellipticity and the polarization azimuth are even functions of φ:
ell(θ,−φ) = −ell(θ, φ) and ψp(θ,−φ) = −ψp(θ, φ).
IV. DISCUSSION AND CONCLUSIONS
In this paper, we have studied the far-field angular distributions of the polarization pa-
rameters characterizing the anisotropy of photoluminescence from orientationally ordered
NRs placed inside an optically anisotropic multilayer system. By using a suitably modified
version of the transfer matrix method combined with the Green’s function technique we
have found the solution of the emission problem expressed in terms of the evolution op-
erators (see Eqs. (44)– (48)). The emission and excitation anisotropy tensors (see Eq. (2)
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and Eq. (5), respectively) that depend on the transition dipole moments, the exciton level
populations and the local field screening factors are then used to deduce the expression for
the orientationally averaged coherency matrix (50) of the emitted optical field.
The results of our theoretical analysis are applied to the geometry of the photoalignment
method where aligned NRs are embedded into the LCP film placed on top of the photoalign-
ing azo-dye layer [21]. By assuming perfectly in-plane ordering of nanorods and unpolarized
excitation, we have computed the degree of linear polarization (DOP) (see Eq. (62)), the
Stokes parameter s1 (see Eq. (63)), the polarization azimuth (see Eq. (65)) and the ellipticity
(see Eq. (66)) of the emitted light as functions of the emission and azimuthal angles, θ and
φ, (see Eq. (60)) at different values of the alignment order parameter p (see Eq. (57)). We
have found that the values of DOP and the order parameter measured in Ref. [21] can be
used to obtain the estimate for the emission anisotropy parameter uem: uem ≈ 3.75.
Angular profiles computed as θ dependencies of the polarization parameters in differently
oriented emission planes at varying value of p are presented in Figs. 2– 7. These profiles are
shown to be determined by the two coefficients given by Eq. (68) that depend on the NR
orientational averages and the emission/excitation anisotropy parameters, while the compo-
nents of the three matrices given by Eq. (56b) define the angular dependent contributions
governed by the optical anisotropy of the LCP film and the photoaligning layer.
We have evaluated the profiles for the three cases: (a) the film with highly ordered NRs
(p = 0.87); (b) the film with poorly ordered NRs (p = 0.4); and (c) the film with disordered
NRs (p = 0.0). It is found that reduction of orientational order has a detrimental effect on
the DOP and the Stokes parameter s1 so that their values for the disordered NRs are an
order of magnitude smaller than for the highly ordered NRs. By contrast, the largest value
of ellipticity significantly grows as the alignment order parameter decreases. The curves
computed at p = 0 (see Figs. 6 and 7) demonstrate a pronounced nonmonotonic behavior
that can be regarded as the effect of the optically anisotropic environment.
It should be stressed that the emission and absorption properties of NRs embedded in
surrounding dielectric media are generally influenced by the effects of dielectric confine-
ment [43]. In our phenomenological approach, NRs are treated as radiating dipoles and
these properties are described by the emission and excitation anisotropy tensors. The di-
electric confinement effects for dot-in-rods placed in optically anisotropic media has not been
studied in any detail yet and analysis of such effects is well beyond the scope of this paper.
We conclude this paper with the remark on the local field effect in the anisotropic LCP
film. As it was discussed in Sec. II this effect will typically enhance the anisotropy of emission
and excitation leading to nonzero anisotropy parameters uem and uexc even if the transition
anisotropy is vanishing. For NRs with an aspect ratio 5 : 1 and em ≡ CdS = 5.23 [70]
embedded in the LCP film with 
(f)
‖ = 2.62 and n
(f)
⊥ = 2.16, the screening factors can be
estimated assuming that the c-axis (cˆ = xˆ) is normal to the optic axis of the film directed
along the y-axis. To this end we can use the well-known analytical results for an optically
isotropic ellipsoid placed in the anisotropic medium [45] and evaluate the components, Lx,
Ly and Lz of the screening factor tensor (dyadic). In our case, this tensor is biaxial. Its
diagonal elements are: Lz ≈ 0.61 < Ly ≈ 0.67 < Lx ≈ 0.93 giving the anisotropy ratios:
(Lx/Lz)
2 ≈ 2.33, (Lx/Ly)2 ≈ 1.94 and (Lz/Ly)2 ≈ 0.83.
These results show that the anisotropic environment plays the role of a symmetry breaking
factor and, as a consequence, the transition anisotropy tensor (2) is no longer uniaxial. For
instance, in the case of in-plane alignment with pz = 0, the generalized form of this tensor
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is as follows
Jem = Jem(I + uemcˆ⊗ cˆ + uzzˆ⊗ zˆ), (72)
where I is the identity matrix. The effect of the local field giving the small negative value
of uz = (Lz/Ly)
2 − 1 might be further enhanced by the transition anisotropy factor. This
may have a profound effect on the angular profiles of the polarization parameters of radiated
field. Since the effects of the anisotropic dielectric confinement on the optical properties of
nanostructures have not been the subject of intense studies, the physics behind such a phe-
nomenological approach is poorly understood and requires a more sophisticated theoretical
treatment.
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Appendix A: Equations for lateral components
In this section we discuss how to exclude the z-components of the electromagnetic field,
Ez and Hz, that enter the representation (8), from the Maxwell equations (9). Our task
is to derive the closed system of equations for the lateral (tangential) components, EP and
HP .
After substituting Eq. (8) into the Maxwell equations (9), we use decomposition for the
differential operator that enter Eq. (9)
k−1vac∇ = zˆ ∂τ + i∇P , ∇⊥P = zˆ×∇P , (A1)
where τ = kvacz; ∇P = −i k−1vac (xˆ ∂x + yˆ ∂y) ≡ (∇x,∇y) and ∇⊥P = (∇⊥x ,∇⊥y ) = (−∇y,∇x),
to recast Maxwell’s equations (9) into the following form:
− i∂τ [zˆ× EP ] = µH−∇P × E, (A2a)
− i∂τ HP = D +∇P ×H + J, J ≡ 4pii
ckvac
JD, (A2b)
where the explicit expressions for the last terms on the right hand side of the system (A2)
are as follows
∇P × E = −∇⊥PEz +
(∇⊥P · EP ) zˆ, (A3a)
∇P ×H = −∇⊥PHz +
(∇P ·HP ) zˆ. (A3b)
We can now substitute the electric displacement field and the current density of the dipole
J = −4piiµDδ(r− r0) written as a sum of the normal and in-plane components
D = Dzzˆ + DP , J = Jzzˆ + JP , (A4)
into Eq. (A2b) and derive the following expression for its z-component
Dz = zzEz +
(
z · EP
)
= −(∇P ·HP )− Jz, (A5)
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where z = (zx, zy).
From Eqs. (A2) and (A5), it is not difficult to deduce the relations
Hz = µ
−1(∇⊥P · EP ) (A6)
Ez = −−1zz
[(
z · EP
)
+
(∇P ·HP )+ Jz] (A7)
linking the normal (along the z axis) and the lateral (perpendicular to the z axis) compo-
nents.
By using the relation (A7), we obtain the tangential component of the field (A4)
DP = 
′
zEz + εz · EP = εP · EP −  ′z −1zz
[(∇P ·HP )+ Jz] (A8)
where εz =
(
xx xy
yx yy
)
;  ′z = (xz, yz) and the effective dielectric tensor, εP , for the lateral
components is given by
εP = εz − −1zz  ′z ⊗ z. (A9)
Maxwell’s equations (A2) can now be combined with the relations (A3) to yield the
system
− i∂τ EP = µHP +∇PEz, (A10a)
− i∂τ HP = DP −∇⊥PHz + JP , (A10b)
where Hz, Ez and DP are given in Eq. (A6), Eq. (A7) and Eq. (A8), respectively.
So, this system immediately gives the final result
− i∂τ EP = −∇P [−1zz
(
z · EP
)
] + µHP −∇P −1zz [
(∇P ·HP )+ Jz], (A11a)
− i∂τ HP = εP · EP −∇⊥P [
(∇⊥P · EP )/µ]−  ′z −1zz [(∇P ·HP )+ Jz] + JP , (A11b)
that can be easily rewritten in the matrix form used in Sec. II.
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